NATURALLY REDUCTIVE HOMOGENEOUS SPACESの全測地的部分多様体について(部分多様体論とその周辺) by 東條, 晃次
TitleNATURALLY REDUCTIVE HOMOGENEOUS SPACESの全測地的部分多様体について(部分多様体論とその周辺)
Author(s)東條, 晃次















Theorem 0.1. ([3]) ,
Riemann class 1 naturally reductive
homogeneous space , ,
’Lie triple system’ , , Theo-
rem 0.1 , ’ ’
Section 1 , ( $-\text{ _{ })}\mathrm{R}\mathrm{i}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{n}$ Lie
.
Section 2 , Cartan
, naturally reductive homogeneous space
Lie bracket
Section 3 , naturally reductive homogeneous space 1
normal homogeneous space root system Section
4 , normal homogeneous space
907 1995 82-92 82
extrinsic hypersphere
Section 3 ,
Riemann , ( )
curvature invariant hyperplane Theorem 0.1 ,
curvature invariant hyperplane
, normal homogeneous space ,
Section 5
1. Levi-Civita
$G$ Lie , $K$ ’ $G$ , $\mathrm{g},$ $\mathrm{f}$ $G,$ $K$
Lie $\mathrm{g}$ $\mathfrak{p}$
$\mathrm{g}=\mathrm{f}\oplus \mathfrak{p}$ ( ), $[\mathrm{t}, \mathfrak{p}]\subset \mathfrak{p}$
, $G/K$ reductive
$G/K$ reductive homogeneous space $\text{ },G/K$ G- $<,$ $>$
$\mathfrak{p}$ $T_{o}(G/K)(\mathit{0}=\{K\})$ – , $<$
$,$
$>$ $\mathfrak{p}$ $\mathrm{A}\mathrm{d}(K)$ -invariant , connection function
A ([5])
(1.1) $\Lambda(X)(Y)=\frac{1}{2}[X, Y]_{\mathfrak{p}}+U(X, \mathrm{Y})$ (X, $\mathrm{Y}\in \mathfrak{p}$),
, $Z\in \mathfrak{p}$
(1.2) $<U(X, Y),$ $Z>= \frac{1}{2}\{<[Z, X]_{\mathfrak{p}}, \mathrm{Y}>+<[Z, \mathrm{Y}]_{\mathfrak{p}}, x>\}$ .
reductive homogeneous space $G/K$ , $U=0$ , $G/K$
naturally reductive
, $(G/K, <, >)$ Levi-Civita connection $\nabla$ $\mathrm{g}$ bracket $[, ]$
$\pi$ : $Garrow G/K$ canonical projection 0 $W’ \text{ },$ $\mathfrak{p}$ $0$ open
subset
$\mathrm{v}\mathrm{r}$ $\mathrm{o}\exp$ : $Warrow\pi(\exp W)$
diffeomorphism $X\in \mathfrak{p}$ , $\pi(\exp W)$
vector field $X_{*}\text{ }$
$(X_{*})_{\pi}(\exp x)=\tau(\exp X)_{*}\{X\}$
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, $\tau(g)(g\in G)$ $G/K$ , $\mu$ :
$\pi(\exp W)arrow\exp W\text{ }$
$\mu(\pi(\exp x))=\exp_{X}(x\in W)$
$\{X_{\alpha}\}_{\alpha\epsilon A}$ $\mathrm{f}$ , $\{X_{i}\}_{i\in I}$ $\mathfrak{p}$ $<,$ $>$
( $\mathrm{g}$ $G$ vector field – ) $\omega^{\alpha},$ $\omega^{i}(\alpha\in A, i\in I)$
$X_{\alpha},$ $X_{i}$ dual 1-form
Lemma 1.1. $\{(X_{i})_{*}\}(i\in I)$ connection forms $\theta_{j^{i}}(i, j\in I)$
$\theta j^{i*}=-\mu\{\alpha\in\sum c_{j\alpha}\omega^{\alpha}+\frac{1}{2}\sum_{IA}i(_{C}i-jkc^{jk}ik-cij)\omega^{k}\}k\in$ .
, $c^{p}qr$ $\{X_{\alpha}\},$ $\{X_{i}\}$ $\mathrm{g}$
Helgason [4] , $\mathrm{e}\mathrm{x}\mathrm{p}:\mathrm{g}arrow G$





$p_{\mathfrak{p}}\mathrm{o}\Phi_{x}|\mathfrak{p}$ : $\mathfrak{p}arrow \mathfrak{p}$
$x\in W$ isomorphism , (1.1),
(1.2), Lemma 1.1
Theorem 1.2. $x\in W,$ $X,$ $Y\in \mathfrak{p}$






2. Totally geodesic submanifolds.
, $(G/K, <, >)$ naturally reductive
, connection function A $\Lambda(X)(Y)=(1/2)[X,$ $Y\ovalbox{\tt\small REJECT}$
, $\mathit{0}=\{K\}$ $X\in \mathfrak{p}$
geodesic $\gamma(t)=\pi(\exp tX)$ . , Section 1
$\gamma(t)$ parallel vector field
Lemma 2.1. $Y(t)$ $\gamma(t)=\pi(\exp tX)(X\in \mathfrak{p})$ paraIIeI
vector field $Y(\mathrm{O})=Y\psi\in \mathfrak{p})$
$Y(t)=\tau(\exp tx)*\{e^{-t\Lambda()}(X\mathrm{Y})\}$ .
$e^{-t\Lambda(X)}(Y)= \sum_{n=0}^{\infty}\frac{(-t)^{lb}}{n!}(\Lambda(X))n(Y)$ .
Proof. Theorem 1.2 , $x=tX$
$(\nabla x_{\mathrm{r}}Y*)\pi(\exp tX)=\tau(\exp tx)_{*}\{\Lambda(x)(Y)+[h_{tX}(X), Y]\}$ .
$\Phi_{tX}(X)=x$ $h_{tX}(x)=P\mathrm{e}(x)=0$ . Lemma 2.1
$\vee^{\vee}$
) $1$ Theorem 1.2
$(G/K, <, >)$ $\mathit{0}$ curvature tensor $R$
$X,$ $Y,$ $Z\in \mathfrak{p}$ $\text{ }$
(2.1) $R(X, Y)Z=[[x,.Y]\epsilon,$ $z]+ \frac{1}{2}[[X, Y]\mathfrak{p}’ Z\ovalbox{\tt\small REJECT}$
$- \frac{1}{4}[X, [Y, Z]\mathfrak{p}]\mathfrak{p}+\frac{1}{4}[\mathrm{Y}, [X, z]_{\mathfrak{p}}]\mathfrak{p}$
Theorem 12
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(\nabla X*\nabla Y*Z*) $t$ $|t|$
Theorem 1.2
$(\nabla_{\mathrm{Y}_{*}}Z_{*})\pi(\exp tX)=\tau(\exp tx)_{*}\{\Lambda(Y)(Z)+[h_{tX}(Y), Z]\}$
$(\nabla_{X_{*}}\nabla \mathrm{Y}_{*}Z*)\mathit{0}=\Lambda(X)\Lambda(\mathrm{Y})(Z)+\Lambda(X)([h_{0}(Y), Z])$
$+ \frac{d}{dt}|_{t0}=[h_{t}X(Y), z]$ .
$h_{0}(Y)=0,$ $\frac{d}{dt}|_{t=0}h_{tx}(Y)=-(1/2)[X, Y]\mathrm{e}$
$( \nabla_{X_{*}}\nabla_{\mathrm{Y}*}z*)_{\mathit{0}}=\frac{1}{4}[X, [Y, Z]_{\mathfrak{p}}]_{\mathrm{p}}$ $- \frac{1}{2}[[X, Y]_{\mathrm{f}},$ $z]$
(2.1)
$(G/K, <, >)$ totally geodesic submanifold
$\mathrm{g}$ bracket
$(M, g)$ Riemann , $P$ $M$ , $x$ $T_{p}M$ $P$ $x$
$M$ $\gamma_{x}(t)(\gamma_{x}(\mathrm{O})=p)$
$P_{tx}$ : $T_{p}Marrow T_{\gamma_{x}(t)}M$
Theorem 2.2. (E. Cartan) $V$ $T_{p}M$
(i) $V$ $(M, g)$ totally geodesic submanifold
(ii) $\epsilon$ $|x|=1$ $x\in V$ $t\in \mathbb{R}$
$(|t|<\epsilon)$
$(P_{tx^{-1}}R)(V, V)V\subset V$.
$P_{tx}-1R\text{ },\gamma_{x}(t)$ curvature tensor x $P$
Theorem Lemma 2.1
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Proposition 2.3. $G/K\text{ }$ naturalIy reductive homogeneous space $k\text{ }$ ,
$V$
$\mathfrak{p}$ ,
(1) $V$ $G/K$ totaIIy geodesic submanifold
(2) $X\in V$ , $e^{-\Lambda(X)}(V)$ # J
$R(e^{-\Lambda()}(xV), e-\Lambda(x)(V))\subset e^{-\Lambda(X)}(V)$
Remark 2.4. , Proposition 23 (1) (3) (3) $X\in V$
$R(X, e^{-}(\Lambda(X)V))$ $\subset e^{-\Lambda(x)}(V)$ .
3. Normal homogeneous spaces.
$G$ compact Lie , $K$ $G$ $G$ biinvariant met-
ric metric $<,$ $>$ $(G/K, <, >)$ normal
homogeneous space $\mathrm{e}$ $G,$ $K$ Lie , $\mathfrak{p}$ $<,$ $>$
$\mathrm{t}$ , $\mathfrak{p},$ $<,$ $>$ $(G/K, <, >)$ nat-
urally reductive
$G$ compact simple Lie group $9\mathbb{C}$ $\mathrm{g}$ , $\mathfrak{h}$
Cartan subalgebra , $\triangle$ $\mathfrak{h}$ nonzero root
, $\Psi$ Killing form $\alpha\in\triangle$ , $H_{\alpha}\in$ $\Psi(H_{\alpha}, H)=$
$\alpha(H)$
.
$(H\in \mathfrak{h})$ root vector $E_{\alpha}$
(3.1) $\Psi(E_{\alpha}, E_{-\alpha})=1$ , $[E_{\alpha}, E_{-\alpha}]=H_{\alpha}$
$[E_{\alpha}, E_{\beta}]=N\alpha,\beta E_{\alpha+}\beta$ , $N_{\alpha,\beta\alpha,-\beta}=-N-\in \mathbb{R}$ .
, $\mathrm{g}_{u}$ $9\mathbb{C}$ compact real form $\circ$
$\mathrm{g}_{u}=\sum_{\alpha\in\Delta}\mathbb{R}\sqrt{-1}H\alpha+\sum\alpha\in\Delta(\mathbb{R}A\alpha+\mathbb{R}B_{\alpha})$
.
, $A_{\alpha}=E_{\alpha-\alpha}-E,$ $B_{\alpha}=\sqrt{-1}(E_{\alpha}+E_{-\alpha})$ . , $\mathrm{g}$ $\mathrm{g}_{u}$
.








$K$ $G$ normal , $\mathrm{g}$
2 maximal abelian subalgebra conjugate $\mathrm{f}(K$








(1) $\triangle(\alpha)=\{\lambda\in\triangle : \lambda=\alpha on \mathfrak{h}_{1}\}_{j}(2)p_{\lambda}\geq 0_{j}(3)X_{\lambda}\in \mathrm{g}_{\lambda}$ .
Lemma 3.2 , $\mathrm{g}$ $\mathrm{g}(\alpha)$
(3.2) $\mathrm{g}(\alpha)=$ $\oplus \mathrm{g}_{\lambda}$ .
$\lambda\in\Delta(\alpha p_{\lambda}\neq 0)$
$\triangle_{\mathfrak{p}}=\{\alpha\in\triangle : 9(\alpha)=0\}=\{\alpha\in\triangle : \mathrm{g}\alpha\subset \mathfrak{p}\}$
$\triangle \mathrm{e}=\{\alpha\in\triangle:_{9(\alpha)=}\mathrm{g}\alpha\}=\{\alpha\in\triangle : \mathrm{g}\alpha\subset \mathrm{e}\}$
$\triangle^{J}=\triangle\backslash (\triangle_{\mathfrak{p}^{\cup}6}\triangle)$
, $\mathrm{r}\mathrm{k}(G)=\mathrm{r}\mathrm{k}(K)$ ,\triangle ’ $=\emptyset$ $\mathrm{r}\mathrm{k}(G)=\mathrm{r}\mathrm{k}(K)+1$
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Proposition 3.3. ([6]) $G$ compact simpIe Lie , $K$ $G$
, $G/K$ normal homogeneous space ((3.2) )





(1) $\mathrm{g}$ $\mathrm{G}_{2^{rightarrow ty}}pe$ , $\mathrm{g}(\alpha)(\alpha\in\triangle’)$ 2
.
$(a)\mathrm{g}_{\alpha}+\mathrm{g}_{\beta}$ . $\beta$ $\alpha-\beta\not\in\triangle$ $\triangle$ .
$(b)\mathrm{g}_{\alpha}+\mathrm{g}_{\beta}+\mathrm{g}_{\gamma}$ . $\{\alpha, \beta, \gamma\}$ $\{\alpha_{1}, \alpha_{2}, \alpha_{3}\}$
–
$\alpha_{3}=2\alpha_{1}-\alpha_{2}$ , $\frac{2\alpha_{1}(H_{\alpha_{2}})}{\alpha_{2}(H_{\alpha_{2}})}=1$ , $\frac{2\alpha_{1}(H_{\alpha_{2}})}{\alpha_{1}(H_{\alpha_{1}})}=2$ .
(2) $\mathrm{g}$ $\mathrm{G}_{2^{rightarrow}}iyP^{e}$ Lie $\mathrm{g}(\alpha)(\alpha\in\triangle’)$ 3
$(a)\mathrm{g}_{\alpha}+\mathrm{g}_{\beta}$ . $\beta$ $\alpha-\beta\not\in\triangle$ $\triangle$ .
$(b)\mathrm{g}\alpha+\mathrm{g}\beta_{1}+\mathrm{g}_{\beta_{2}}$ . $\{\alpha, \beta_{1}.’\beta_{2}\}$ $\{\alpha_{1}.’\alpha_{2}, \alpha_{3}\}$
–
$\alpha_{3}=2\alpha_{1}-\alpha_{2}$ and $\frac{2\alpha_{1}(H_{\alpha_{2}})}{\alpha_{1}(H_{\alpha_{1}})}=\frac{2\alpha_{1}(H_{\alpha_{2}})}{\alpha_{2}(H_{\alpha_{1}})}$ .
$(c)\mathrm{g}_{\mathit{0}\iota}+\mathrm{g}_{\gamma 1}+\mathrm{g}_{\gamma_{2}}$ . $\{\alpha, \gamma_{1}, \gamma_{2}\}$ $\{\alpha_{1^{-}},.\alpha 2, \alpha 3\}$
– .
$\alpha_{3}=3\alpha_{1}-2\alpha_{2}$ , $\frac{2\alpha_{1}(H_{\alpha_{2}})}{\alpha_{2}(H_{\alpha_{2}})}=1$ and $\frac{2\alpha_{1}(H_{\alpha_{2}})}{\alpha_{1}(H_{\alpha_{1}})}=3$ .
$(d)\mathrm{g}_{\alpha}+9s_{1}+\mathrm{g}_{\delta_{2}}+\mathrm{g}_{\delta_{3}}$ . $\{\alpha, \delta 1, \delta 2, \delta 3|.,\}$
$\{\alpha_{1}, \alpha_{2},2\alpha_{1}-\alpha_{2},2\alpha_{2}-\alpha_{1}\}$ –
$\frac{2\mathfrak{a}_{1}(H_{\alpha_{2}})}{\alpha_{2}(H_{\alpha 2})}=\frac{\alpha_{1}(H_{\alpha_{2}})}{\alpha_{1}(H_{\alpha 1})}=1$ .
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4. .
, , normal homogeneous space
hypersurface
$(M, g)$ m- Riemann , $N$ $(M, g)$ n-
, $\nabla,\tilde{\nabla}$ $N,$ $M$ Levi-Civita connection
, $N$ second fundamental form $\sigma$
$\sigma(X, Y)=\tilde{\nabla}\mathrm{x}Y-\nabla xY$.
$X,$ $Y$ $N$ $M$ vector field
$H=(1/n)\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}(\sigma)$ $N$ mean curvature vector $\text{ }$ $\sigma(X, Y)=$
$g(X, Y)H$ $N$ umbilical
$N$ umbilical , , $H\neq 0$ , $H$ normal connection
, $N$ $(M, g)$ extrinsic sphere ($H=0$ ,
$N$ totally $\mathrm{g}\mathrm{e}\mathrm{o}\mathrm{d}\mathrm{e}\mathrm{s}\mathrm{i}\mathrm{c}$) $\circ N$ extrinsic sphere $g(H, H)$ nonzero
constant , $P\in N$ , Codazzi
$T_{p}N$ $T_{p}M$ curvature invariant subspace
(4.1) $R(\tau_{pp}N, \tau N)TNp\subset T_{p}N(R:M\sigma)$ curvature tensor)
, $N$ totally geodesic (4.1)
Theorem 0.1 , $M$ normal homogeneous space
, ([6])
Theorem 4.1. $G$ compact simple Lie group $\circ$ $norma\iota horightarrow$
mogeneous space $G/K$ totally geodesic hypersurface ,
$G/K$
Proposition 23 proposition 3.3 ,
, $\mathrm{r}\mathrm{k}(G)=\mathrm{r}\mathrm{k}(K)$ , Lemma 3.1
Theorem 4.2. $G$ compact simple Lie , $K$ $\mathrm{r}\mathrm{k}(G)=\mathrm{r}\mathrm{k}(K)$
$G$ normal homogeneous space $G/K$ $\mathit{0}$
curvature invariant hyperplane $G/K$
, $G$ compact Lie , $K$ normal ho-
mogeneous space $G/K$ extrinsic hypersphere $N$
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$\mathit{0}\in N$ , $V=T_{o}N$ $x\in V$ $t\in \mathbb{R}$
, $\tau(\exp X(t))$ $t=0$ $x$ $N$ , $\xi$
1 $V$ vector , $N$ Corollary 1.3 ,
$N$ 1 normal vector field $\mathcal{T}(\exp X(t))$ ,
(4.2) $\tau(\exp X(t))*\{\xi-t(\lambda x+\frac{1}{2}[_{X},\xi]\mathfrak{p})+\mathrm{o}(t)\}$ .
(4.1), (4.2), Proposition 33
Theorem 4.3. $G$ compact Lie 2 $K$ $norarrow$
$mal$ homogeneous space $G/K$ extrinsic hypersphere ,
$G/K$
5.
, normal homogeneous space
$G/K\text{ }$ compact type $\sigma$) Hermitian symmetric space $\vee C^{\backslash },$ $(G, K)t\grave{\grave{\mathrm{a}}}$ sym-
metric pair $\mathrm{g},$ $\mathrm{f}$ $G,$ $K$ Lie
$\mathrm{g}$ subspace $\mathfrak{p}$ $[\mathfrak{p}, \mathfrak{p}]\subset \mathfrak{p}$ , $\mathfrak{p}$ ,g
Killing form $G/K$ normal homogeneous space
, $\mathrm{g}$ 1 center ( $\mathbb{R}Z$
o)
$\mathfrak{p}’=\mathfrak{p}\oplus \mathbb{R}Z$ , $\mathrm{f}’$ Killing form $\mathfrak{p}’$
$[\mathfrak{e}’,$ $\mathrm{e}_{]}’\subset \mathrm{f}’$ , $[\mathrm{t}’’, \mathfrak{p}]\subset \mathfrak{p}$, $[\mathfrak{p}’, \mathfrak{p}’]\mathfrak{p}’\subset \mathbb{R}Z$.
$K’$ $\mathrm{e}^{J}$ $G$ Lie subgroup , $\mathfrak{p}’$ $G/K’$
– , $\mathfrak{p}$ $\mathfrak{p}’$ curvature invariant hyper-
plane
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